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While the occurrence of large amplitude internal waves in the Earth’s natural bodies of 
water is widely documented, the generation of these waves remains an active area of 
exploration. We discuss numerical simulations of transcritical ﬂows of a density strat­
iﬁed ﬂuid with a dual focus on the role of a background shear current and transitions 
of the background current from super to subcritical. We demonstrate that the presence 
of a background shear can lead to the formation of large quasi-trapped regions of high 
vorticity over the downstream slope of the topography, but that this vorticity leads to 
only moderate perturbations of the underlying pycnocline, and hence that a wave and 
instability can co-exist for long times. Subsequently, we demonstrate the existence of 
hysteresis in the wave amplitude when the current is accelerated to supercritical then 
decelerated to subcritical, as opposed to accelerated to the subcritical value from rest. 
Finally, we explore situations in which the background shear is strong enough to pre­
clude the formation of solitary-like waves, and discuss possible implications for the 
coastal ocean. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4891871] 
I. INTRODUCTION 
Internal waves in stratiﬁed ﬂuids are a mature subject of study in theoretical, numerical, and 
experimental ﬂuid mechanics. In oceans and lakes, the background density structure is typically 
dominated by a pycnocline region and hence waves propagate horizontally (or in other words are 
vertically trapped). Of course, the lifecycle of these trapped internal waves takes place in a dynamic 
environment, with environmental conditions changing in both space and time. The recent reviews1, 2 
discuss aspects of the generation, propagation, and dissipation of these waves. In the ocean, it has 
long been recognized that tidally induced ﬂow over the shelf break can generate both on shelf and 
off shelf propagating internal solitary and solitary-like waves (henceforth ISWs).3 These waves 
may interact with eddies and larger scale ocean currents,4 or shoal into shallower water where 
they may break and dissipate energy.5 The theoretical description of these waves can also, to some 
extent be modiﬁed to account for environmental changes, with classical WKB theory applying to a 
linear description when the environment changes slowly, the variable coefﬁcient Korteweg de Vries 
(KdV) equation applying to weakly nonlinear waves,6 and the Dubreil-Jacotin-Long (DJL) equation 
applying to ISWs in the presence of a shear current.7 
Indeed, the original weakly nonlinear description of ISWs due to Benney8 includes a background 
current, and weakly nonlinear theories can account for weak background shear currents with more 
involved algebra being the only cost incurred. Exact theory (or DJL theory), as discussed by Stastna 
and Lamb,7 can provide more details about how shear modiﬁes large amplitude waves. These effects 
include a change in the qualitative nature of the upper bound on wave amplitude, and a possible 
change of wave polarity. Neither of these theories, however, gives information on how shear may 
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lead to wave breakdown (the DJL theory provides some indirect inferences often referred to as the 
shear instability bound on amplitude). This is unfortunate, since a non-zero background shear, while 
relatively simple to specify mathematically, can have rich implications for dynamics. In particular, 
a strong enough shear can lead to shear instability and transition to turbulence by the well studied 
Kelvin-Helmholtz route. Indeed, linear stability theory of parallel shear ﬂows is often used as a 
heuristic, with the gradient Richardson number criterion of Ri > 0.25 implying linear stability. 
However, it is well-known that the linear stability theory is neither sufﬁcient for instability9 nor 
general for ﬂows which are not parallel shear ﬂows.10 Recently, there have been a number of 
computational, ﬁeld, and experimental studies of the possible shear instability of ISWs. These have 
yielded some general principles (e.g., waves must have a region with Ri < 0.2 that is long enough for 
disturbances to grow to ﬁnite amplitude) but the question of how ISWs interact with shear continues 
to pose challenges to both the theorist and numericist (see Refs. 11 and 12 for a more thorough 
discussion with pertinent references). For parallel shear ﬂows, Baines and Mitsudera13 have provided 
a mechanistic interpretation for shear instability as the resonance between two interfacial vorticity 
waves (see their Figure 1(a) for a kinematic interpretation in the context of two vorticity interfaces 
in a linearly stratiﬁed ﬂuid). The authors have extended the results for the simple conﬁguration to 
a broader class of density and velocity proﬁles with particular symmetries and derived a sufﬁcient 
condition for linear instability of this conﬁguration. We will revisit the ideas proposed by these 
authors in Subsection III C. 
At the same time, the classical resonant (or transcritical) generation mechanism has been well 
studied for more than 20 years, following up on the fundamental weakly nonlinear descriptions 
by Grimshaw and Smyth14 and Djordevic and Redekopp.15 Towing tank experiments have largely 
veriﬁed the classical weakly nonlinear predictions (to the extent that this is possible in a tank of limited 
horizontal extent, see Ref. 1 for a more complete literature review), while numerical simulations of 
the stratiﬁed Euler equations have considered the effects of ﬁnite amplitude topography,16, 17 slowly 
varying currents,16 short topography,18 and special regimes of inﬂow velocities that can yield trapped 
waves.19, 20 All in all, this body of work suggests that ﬂow over topography is dynamically rich even 
when the background current is barotropic. In situations in which the shear current is only non-zero 
away from the topography, the resonant generation mechanism can be easily modiﬁed to consider 
the generation and propagation of ISWs in the presence of shear. In particular, situations in which 
instabilities may exist (or perhaps co-exist with ISWs) are no more problematic to simulate than the 
classical barotropic current set-up. 
The remainder of the article is organized as follows. We begin with a section outlining the basic 
equations, some of the theory used as part of the discussion, and the numerical model used. The 
subsequent discussion of the results broadly considers two regimes: (1) What type of wave and/or 
instability is generated by a nearly impulsively accelerated transcritical ﬂow, (2) what type of wave 
and/or instability is generated by a current that slackens from supercritical to subcritical. We identify 
general features that are robust over large parts of parameter space; namely, the existence of regions 
of vortex dominated core-like regions over and downstream of the topography. These can co-exist 
with upstream propagating trains of ISWs, and when the current slackens, propagate upstream. 
We discuss the manner in which changes to the Froude number, the topography polarity and the 
background stratiﬁcation proﬁle alter the basic scenario, with particular attention paid to thicker 
and double pycnoclines. Finally, we consider situations in which the background shear is too strong 
for any internal wave generation to take place. We demonstrate that these situations are dominated 
by the production of small scale vortices, and that the source location for these vortices propagates 
upstream. We conclude with some speculation about the role of three-dimensional effects and the 
extension of the present results to a ﬁeld setting. 
II. METHODS 
A. Governing equations 
We consider an incompressible, inviscid, non-rotating ﬂuid under the Boussinesq and rigid 
lid approximations.21 The origin is ﬁxed at the ocean surface, with the x-axis parallel to both 
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the ﬂat portions of the ocean bottom and the rigid lid, and the z-axis pointing upward (here kˆ is 
the upward directed unit vector). In this situation, the governing Euler equations for the velocity 
u = (u(x, z, t), w(x, z, t)), the density ρ(x, z, t), and the pressure p(x, y, z, t) read, 
∂ u · u u = −u+ u ∇ ∇ p − ρgkˆ, (1)
∂t 
u∇ · u = 0, (2) 
∂ρ 
u · u+ ∇ρ = 0. (3)
∂t 
Here we have divided the momentum equations (1) by the constant reference density ρ0, and 
absorbed the constant into the pressure, P and the density ρ as is standard. The rigid lid and bottom 
are found at z = 0, and z = −H + h(x) where h(x) tends to zero far upstream and downstream, 
respectively. The ﬂuid motion is assumed to be two-dimensional. 
Far upstream, the density is given by the vertical proﬁle ( )
z + z0 
ρ¯(z) = 1 − a tanh , (4)
d 
where a, z0, and d specify the strength, centre, and thickness of the pycnocline, respectively. In 
Subsection III C, we will consider a two pycnocline stratiﬁcation ( ) ( )
z + z0 z + z2 
ρ¯(z) = 1 − a tanh − a2 tanh . (5)d d2 
This allows us to assess whether a variant of the vorticity wave resonance mechanism of Baines and 
Mitsudera13 is effective in modifying the stability characteristics of the ﬂow in the context of surface 
trapped background currents. 
The background current is taken to be a surface trapped shear current with an exponential form, 
U (z) = U0 exp(z/d j ), (6) 
where U0 sets the maximum background speed, which occurs at the surface, and dj sets the thickness 
of the shear layer. For the majority of simulations dj = 0.2, with a single instance of dj = 0.1 
discussed. The scales of background velocity and density variation are indicated by showing both 
proﬁles in the small panels found on the left of all ﬁgures. The mean of the background current is 
given by  01 U0d j [ ](U (z)) =  U (z)dz  = 1 − exp(−H/d j ) . (7)H H−H 
The form of the background current is chosen so that, in the absence of stratiﬁcation, the current 
is linearly stable according to Fjortofft’s criterion.21 Moreover, the shear layer thickness and the 
stratiﬁcation parameters are chosen so that the background current occurs in the unstratiﬁed portion 
of the water column. For concreteness, we will consider the far left of the computational domain 
to be referred to as upstream, and the far right as downstream. Hence the barotropic component of 
the background current will be oriented from left to right, while for the majority of cases the shear 
component of the background current will be oriented from right to left, or in the direction of wave 
propagation. The largest waves generated will thus be leftward propagating. In the text, wave-induced 
horizontal velocities will be taken as the total horizontal velocity minus the far upstream horizontal 
velocity proﬁle. Since the background shear current is chosen to be either non-negative or non-
positive, the notation “With” and “Against” has been adopted to identify cases in which the mean of 
the background shear ﬂow is in the same direction as the velocity of the upstream propagating waves. 
The majority of simulations discuss the “With” type of shear ﬂow. This is because the interaction 
between the background vorticity and the wave-induced currents leads to vorticity roll-up and the 
creation of trapped vortex cores in these cases. 
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The bottom topography is given by ( )
x 
h(x ) = h0 sech , (8) 
wd 
though experimentation with various functional forms (Gaussian, Witch of Agnesi, etc.) suggests 
that the precise functional form is not important at leading order. 
B. Internal wave theory and scaling 
Internal wave theory generally follows the convention of considering rightward propagating 
waves, even though the theory generally yields solutions for waves propagating in both directions. 
Since leftward propagating waves are the main feature of the numerical simulations presented below 
we will present the theory for leftward propagating waves. 
Exact, internal solitary waves in a frame of reference moving with the wave are described by 
the DJL equation 
Uz (z − η) [ ( )2)] N 2(z − η)∇2 2η + 1 − η + (1 − ηz + η = 0, (9)x(U (z − η) − c) (U (z − η) − c)2 
where η is the isopycnal displacement from the far upstream resting height, deﬁned via 
ρ(x , z) = ρ¯(z − η), 
1 dρ¯(z)
N 2(z) = −g 
ρ0 dz  
deﬁnes the buoyancy frequency N(z) from the background density proﬁle ρ¯(z), and c is the propa­
gation speed of the ISW. 
For a detailed derivation of the theory see Ref. 7. The DJL equation as stated, is a nonlinear, 
elliptic eigenvalue problem, and is equivalent to the full stratiﬁed Euler equations. Efﬁcient numerical 
methods are available for solving this equation, though since these are based on a variational 
formulation,22 situations with strong shear generally lead to a failure of the algorithm to converge. 
This failure has been interpreted as being related to a potential shear instability of the solitary wave.7 
In contrast, the linear theory of vertically trapped internal waves leads to the linear eigenvalue 
problem ( )
N 2(z) Uzz 
φzz + + − k2 φ = 0 (c − U (z))2 c − U (z) 
φ(−1) = 0 
φ(0) = 0, (10) 
which is often referred to as the Taylor Goldstein (TG) equation.21 In the long wave limit (k → 
0), the ﬁrst eigenfunction of the TG equation provides the vertical structure of weakly nonlinear 
internal solitary waves, and the largest eigenvalue gives the so-called linear long-wave speed, clw. 
This parameter is used to deﬁne the Froude number as, Fr = |Ub |/|clw| where |Ub| is the barotropic 
velocity far upstream. The Froude number determines whether a ﬂow is supercritical (Fr > 1) 
or subcritical (Fr < 1), since Fr > 1 implies no linear waves can propagate upstream. In certain 
situations, a more careful distinction between super and subcritical ﬂows is required.20 
For nearly critical ﬂows (Fr ≈ 1) of a stratiﬁed ﬂuid over topography the generation of upstream 
propagating waves has been dubbed either as “transcritical” or “resonant” generation, and has been 
theoretically described by a weakly nonlinear model equation, namely, the forced Korteweg de 
Vries equation (fKdV). In several past articles, we have discussed the comparison between weakly 
nonlinear theory and fully nonlinear simulations of resonant generation.18, 19 
The TG equation is also used to determine the linear stability of stratiﬁed shear ﬂow (for ﬁnite 
wavelengths), and is used to derive the famous Richardson number criterion. Deﬁning the Richardson 
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number as 
N 2(z)
Ri = , (11)
Uz(z)2 
it is well know that a stratiﬁed, parallel shear ﬂow is linearly stable provided Ri > 0.25.21 No 
corresponding general sufﬁcient condition is available, though some rules of thumb are available 
in the literature,9 and for a class of symmetric ﬂows a sufﬁcient condition with a mechanistic 
interpretation has been derived by Baines and Mitsudera.13 The issue is even more complicated for 
ﬂows that are not steady and parallel10–12 and we will revisit this matter in the discussion of results 
below. 
Finally, note that the TG (DJL) equation fails to be valid if U (z) = clw (U(z − η) = c) anywhere 
in the water column. Such a region is called a critical layer, and while some theoretical results are 
available in the literature23, 24 the effects of critical layers on the generation of fully nonlinear waves 
are, to the best of our knowledge, unknown. 
Results are presented in dimensionless form with length scaled by the far upstream depth H, 
(0)
velocity scaled by the linear long wave speed, clw , for the stratiﬁcation with no background shear 
current, U0 = 0. In this case of no shear current both upstream and downstream propagating waves 
have the same propagation speed, apart from the Doppler shift by Ub. Time is scaled by the advective (0)time scale H/clw . Unless otherwise mentioned, stratiﬁcation, and topography parameters are ﬁxed 
for all cases, with z0 = 0.6, d = 0.1125, h0 = 0.1, wd = 2.5. This parameter set will be referred to as 
the standard stratiﬁcation and topography. Note that this choice of pycnocline thickness implies that 
(U(z)) = 0.1125U0 to four decimal places. For the two pycnocline cases discussed, a2 = 0.5a, z2 = 
0, d2 = 2.25. The second stratiﬁcation is thus found near the surface. The presence of the second 
pycnocline is not found to profoundly alter the value of clw (less than 5%). For the simulations that 
vary the pycnocline width d = 0.225 and 0.45. This lowers clw by 12% and 39%, respectively. For 
the widest pycnocline case we thus reduced the barotropic inﬂow speed in order to ensure that a 
transcritical ﬂow occurs over the topography. The dimensionless parameters that do vary for the 
cases discussed in the text are presented in Table I along with a label for each case. The criticality 
parameter is taken as Fr = ((0.1125U0 + Ub)/clw where clw is computed from the Taylor Goldstein 
equation. When the shear is too strong for the Taylor Goldstein equation to give a propagation speed 
(this occurs for U0 < −1.4 for the standard stratiﬁcation), the qualitative range of the Froude number 
is given. The level above which Ri < 0.25 is given by zRi; the strength of stratiﬁcation at this level as a 
fraction of the maximum buoyancy frequency is also provided. In the ﬁnal column, a brief comment 
on the case is provided, along with the subsection in which the results of a particular subsection are 
discussed. Three types of changes of the density proﬁles were considered. The pycnocline centre 
was moved, the pycnocline thickness was doubled, and doubled again, and a second near surface 
pycnocline was added. For the cases with a second pycnocline, there were two regions of low Ri, 
one in the near surface pycnocline and one lower in the water column. 
It is particularly noteworthy that for all cases with shear the Richardson number dips below 
0.25 over some portion of the water column. However, the stratiﬁcation at this height, as measured 
by the ratio between the buoyancy frequency squared at this height and the maximum buoyancy 
frequency squared, is generally very weak (less than 5% in most cases). Even in cases where the 
stratiﬁcation in the low Ri region is not weak (e.g., Case With 3 W2) the dynamics observed are quite 
different from classical stratiﬁed shear instability. In particular, for transcritical ﬂows, the majority 
of the cases exhibit instability only over, and downstream of, the topography. 
The formal scaling for vorticity is the inverse of the characteristic time-scale. We found this to 
be an overestimate of the observed vorticity, and hence by trial and error, the scaling ω0 = 0.035 s−1 
was determined to yield images with enough contrast to be visually useful. 
C. Numerical methods and numerical experiments 
The governing equations (1)–(3) are solved using a variable time-step, second-order projection 
technique.3, 25 The model employs terrain following coordinates and allows for a spatially varying 
grid spacing. Free-slip boundary conditions are imposed at the top and bottom, inﬂow conditions 
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TABLE I. Case labels, shear and inﬂow parameters, Froude number estimates, and locations of Ri = 0.25 as well as estimates 
of the stratiﬁcation strength at this height. 
Case U0 Ub Max Fr Final Fr zRi N 2(zRi )/N 2 max Notes and section 
None 0 1.1 1.1 0.55 N/A N/A Control (III A) 
With 1 − 0.74 1.1 1.02 0.47 − 0.2645 0.01 Weak shear (III A) 
With 2 − 1.11 1.1 >1 <1 − 0.3 0.017 Weak shear (III B) 
With 3 − 1.48 1.1 ∼1 <1 − 0.31 0.025 T-G fails (III A) 
With 3TA − 1.48 1.3 ∼1 <1 − 0.31 0.025 T-G fails (III D) 
With 3TB − 1.48 1.5 >1 <1 − 0.31 0.025 T-G fails (III D) 
With 3SP − 1.48 1.85 >1 <1 − 0.31 0.025 T-G fails (III D) 
With 4 − 1.84 1.1 >1 <1 − 0.33 0.033 T-G solution fails (III D) 
With 5 − 2.21 1.1 >1 <1 − 0.34 0.041 No upstream waves (III D) 
With 5B − 2.21 1.35 >1 <1 − 0.34 0.041 No upstream waves (III B) 
Against 3 1.48 1.1 1.52 0.76 − 0.31 0.025 Opposite current (III B) 
Against 3B 1.48 0.52 1.1 0.55 − 0.31 0.025 Opposite current (III B) 
With 3P − 1.48 1.1 ∼1 <1 − 0.31 0.025 h0 = −0.1 (III C) 
With 3A − 1.48 1.1 ∼1 <1 − 0.19 0.09 z0 = 0.4 (III C) 
With 3D − 1.48 1.1 ∼1 <1 − 0.44 0.007 z0 = 0.8 (III C) 
With 3 W  − 1.48 1.1 ∼1 <1 − 0.22 0.1266 Wider pycnocline (III C) 
With 3 W2  − 1.48 0.78 ∼1 <1 − 0.17 0.45 Widest pycnocline (III C) 
Double − 1.48 1.1 ∼1 <1 N/A N/A Double pycnocline (III C) 
Double S − 1.48 0.78 ∼1 <1 N/A N/A Double pycnocline (III C) 
Double N − 1.48 0.78 ∼1 <1 N/A N/A Double pycnocline (III C) 
are imposed on the left (upstream) boundary, while the right (downstream) boundary allows for free 
propagation of long waves out of the computational domain. The model is based on a second-order 
Godunov scheme for the Euler equations. The monotonized slope calculation employed provides 
a selective numerical viscosity and diffusivity, in particular, for instances of isopycnal overturning. 
The model does not require explicit viscosity to maintain numerical stability. Models of this type 
have been labeled “implicit LES” in the literature26, 27 due to the selective and local manner in 
which the slope limiting acts to damp local patches of overturning, and have been successfully used 
in a number of oceanographic contexts.11, 17 Incompressibility is enforced via a projection onto a 
divergence free basis at every time step. This choice of basis to project onto facilitates the free 
propagation of nearly all waves out of the right-hand boundary without reﬂection, and hence no grid 
stretching was employed. Each simulation was carefully checked to ensure no spurious reﬂection 
occurred at the right hand (downstream) boundary. 
The horizontal resolution of the numerical simulations was dx = 0.025 in dimensionless units, 
while the vertical resolution was dz = 0.005 away from the topography with slightly better resolution 
over hill topography. Grid halving studies suggested that the numerical results were robust to changes 
in resolution. The full domain is much larger than the subdomains shown in the ﬁgures below (−150 
< x < 150 for the full domain so typically less than half of the horizontal extent of the domain is 
shown). 
In all simulations, the ﬂuid is initially still, and is accelerated by changing the constant inﬂow 
at the upstream boundary over a period of 1 dimensionless time unit (or essentially impulsively). 
The background barotropic current is held constant until t = 125, at which time it is reduced by 
50% over 1 dimensionless time unit. The time after the current reduction is henceforth referred to 
as “after slackening.” The rapid reduction in the barotropic background current is not intended as 
an accurate model of slowly changing background ﬂow such as oceanic tides. It is included in order 
to see the manner in which large disturbances generated downstream of the topography change in 
form as they propagate upstream when the current allows them to do so. The 50% reduction in the 
barotropic background current is more or less arbitrary. We have conducted several sensitivity tests, 
varying the reduction from 40% to 60% to ensure the results remain quantitatively unchanged. As 
such we chose not to adjust each case to account for the mean of the background shear current. 
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III. RESULTS 
The results are divided into subsections. Subsection III A introduces the basic, or control, case of 
transcritical wave generation and discusses wave and vortex generation during the subsequent super 
to subcritical transition. Some preliminary observations regarding the effect of shear are provided. 
Subsection III B discusses the four basic qualitatively different regimes: (i) the regime in which 
background shear currents only modify the behaviour observed in the control case, (ii) the regime in 
which linear theory formally exhibits critical layers but in which signiﬁcant wave activity is observed 
in the pycnocline, (iii) the regime in which no signiﬁcant wave activity is observed in the pycnocline, 
and (iv) the regime in which the shear current is oriented against the direction of wave propagation. 
In Subsection III C, variations of the pycnocline location, thickness, and the topography polarity are 
discussed. This section also discusses a comparison with the vorticity wave resonance mechanism 
of instability due to Baines and Mitsudera.13 In Section III D, we return to regimes (ii) and (iii) 
deﬁned above and consider the effects of variations in the barotropic inﬂow speed. For ﬁgures that 
show either the shaded density or vorticity ﬁelds, the upstream proﬁles of horizontal velocity and 
density are shown in small panels on the left. 
A. Base case and super to subcritical transitions 
Figure 1 shows the basic evolution of the wave ﬁeld for Case None. A small wave of elevation 
forms over the topography, while downstream of the topography a small wave of depression is 
terminated by an undular bore that slowly retreats downstream, even though the individual waves in 
the undular bore are upstream directed. The barotropic background current slackens to a subcritical 
value after t = 125 and it is clear that this releases an upstream propagating wave train that emanates 
from the topography. At the same time, a downstream propagating wave is released from the 
topography, while the downstream undular bore is freed to propagate toward the topography. The 
two wave trains interact after about t = 210. This case is chosen as typical for a moderate response 
over and downstream of the topography. Lowering the barotropic inﬂow speed, U, generally leads 
to an increase in the amplitude of the wave train downstream of the topography and to upstream 
t 
−60 −40 −20 0 20 40 60 
200 
150 
100 
50 
0 
x 
FIG. 1. Wave-induced horizontal velocity (scaled) at the surface as a function of time, Case None. 
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FIG. 2. Shaded density contours at t = 117. (a) Case None, (b)  Case  With 1, (c)  Case  With 3. 
wave generation. Indeed, for topography with a positive polarity the largest upstream response 
is generally observed for subcritical currents. This is in contrast to the case of topography with 
a negative polarity, and can be understood as being due to the effect of ﬁnite amplitude of the 
topography, and its corresponding acceleration of the ﬂuid over the topography. 
Of course, the wave-induced surface currents do not provide information about the geometric 
features of the various waves that are generated. Figure 2 shows the density ﬁeld at t = 117, or 
after a sufﬁcient amount of time has passed for wave generation to have taken place both upstream 
and downstream of the topography. Case None, from Figure 1 is shown in panel (a), and here a 
trapped wave of elevation is observed over the topography, while downstream an undular bore can 
be observed. As mentioned above, the individual waves that make up the undular bore are upstream 
oriented, but unable to overcome the Doppler shift due to the background current. Panels (b) and (c) 
show the effects of an increasing shear current, with Case With 1 in panel (b) and Case With 3 in 
panel (c). The vertically averaged background current serves to lower the Froude number and this 
increases the amplitude of the upstream propagating, resonantly generated waves and to increase the 
amplitude of the wave of depression and undular bore downstream of the topography. In both cases, 
the waves upstream of the topography can be seen to be very long waves of moderate amplitude 
(as predicted since the pycnocline is chosen a priori  to be close to the mid-depth). In panel (c), 
individual crests of solitary-like waves can be seen near x = −30 and x = −18. This aspect of the 
simulations is consistent with the majority of the literature on resonant generation, though it should 
be noted that due to the proximity of the pycnocline to the mid-depth a forced Gardner, as opposed 
to a forced KdV equation, would provide the weakly nonlinear description. The vertical structure of 
the wave-induced proﬁle at the crest of the upstream propagating waves (near x = −30 and x = −18 
in Figure 2(c)) is described essentially exactly by the solutions of the DJL equation (not shown), and 
this is consistent with past literature.18, 19 
The waves generated on the downstream side of the topography are larger in amplitude, and 
hence more interesting. In panels (b) and (c) of Fig. 2, a broad wave of depression can be observed 
between x = 0 and x = 22. It is terminated by an undular bore that extends beyond the subdomain 
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time units after current slackens to subcritical, (b) 36.6 time units after current slackens to subcritical, (c) 65.85 time units 
after current slackens to subcritical. 
shown in the plot. When the strength of the shear is increased the wave of depression is larger in 
amplitude, the waves that make up the terminating undular bore have a much shorter wavelength, 
and short wave undulations are evident from roughly the crest of the topography to the downstream 
terminus of the wave of depression. The source of the undulations will be discussed in detail below. 
The background current for the simulations shown in Figures 2(b) and 2(c) yields regions with 
Ri < 0.1 but these are far removed from the pycnocline. In particular, the region of low Ri extends 
from the value of z given in Table I, all the way to the upstream boundary. The upstream wave 
generation does not provide a sufﬁciently large perturbation to trigger an instability. However, as 
panel (c) shows, the large lee wave greatly increases the fraction of the water column over which Ri 
< 0.1 and it is in this region that the short undulations of the pycnocline are observed. 
Figure 3 reconsiders Case None, after the background current slackens from super to subcritical. 
As mentioned in the discussion of Figure 1, an upstream propagating wave train is freed from the 
topography region. While it takes time to evolve, by roughly 65 time units after the slackening, the 
pycnocline near the upstream end of the topography has returned to its undisturbed height. Again 
the situation on the downstream side is dynamically richer. After the current slackens, the undular 
bore found downstream propagates toward the topography. At the same time, a wave of depression 
forms on the downstream slope of the topography. This wave is steep enough to break and this yields 
a mixed region (between x = 8 and 16 in panel(c)), as well as a thin, very large amplitude (nearly 
50% of the water column) wave of elevation near x = 9. 
When the ﬂuid is accelerated from rest to the smaller, post slackening value of U (i.e., the 
subcritical state) the response is dramatically different. Upstream of the topography small amplitude 
waves propagate upstream, while downstream no large depressions or undular bores are observed 
(not shown). This result is consistent with the literature on response to subcritical ﬂows, proves 
robust over all cases shown in Figure 2, and demonstrates hysteresis in the state observed over and 
near the topography. In particular, for a slowly varying current such as a tide, it suggests that if the 
currents reach a supercritical, or nearly supercritical, value of U0 during the ﬂood portion of the tide, 
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the subsequent subcritical state during the ebb will be profoundly different from the subcritical state 
that would be achieved if the currents never reached criticality. 
B. The four basic response regimes 
In Subsection III A, we have introduced some of the changes in the characteristics of the wave 
response that occur when a shear current that is oriented in the upstream direction is present (the 
current is thus oriented in the direction of wave propagation), with a focus on the response before the 
current slackens. In particular, the downstream undular bore is larger, and for Case With 3 the wave 
of depression exhibits short length scale undulations in the pycnocline. After the current slackens the 
undular bore that terminates the downstream wave of depression begins to interact with the region 
of short length scale undulations, and Figure 4 demonstrates the manner in which this occurs. Only 
the detailed region downstream of the topography is shown. Roughly 7 time units after the current 
slackens, the leading wave of the undular bore narrows, and its tip begins to be ripped off. This 
process continues, leading to patches of heavy ﬂuid being advected into the region above the wave 
of depression. These patches are linked to the waves in the undular bore by extremely thin tendrils 
of heavy ﬂuid. 
The shape of the patches of heavy ﬂuid shown in Figure 4 is reminiscent of vortices, and 
indeed Figure 5 shows that for cases with a shear current oriented in the upstream direction the 
wave of depression on the downstream slope of the topography contains signiﬁcant vorticity. For 
weak shear, as exempliﬁed by Case With 1 shown in panel (a), only one main vortex can be seen, 
while for stronger shear, as exempliﬁed by Case With 3 shown in panel (b), the entirety of the 
wave of depression is ﬁlled with vortices. It is immediately apparent that it is the signature of these 
vortices that is seen in short length scale undulations of the pycnocline, as evidenced by the two 
white isopycnals shown in Figure 5(b) (as well as by reconsidering Figure 2(c)). Moreover, it is 
the vortices independently generated by the “core” region of the wave of depression found over 
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combination of the wave and background current the vorticity is saturated in the range [ − 3.5, 0]. 
the downstream slope of the topography, that rip patches of high density ﬂuid from the individual 
wave crests as shown in Figure 4. For weak shear, such as Case With 1 the vortices in the core are 
neither strong nor numerous enough to signiﬁcantly deform the pycnocline on the time scales of the 
simulation. 
After the background current slackens, the core region as well as the individual vortices in it, 
like the waves trapped over the topography, are allowed to propagate upstream. Figure 6 shows the 
evolution of Case With 1. It can be seen that while the vortices from the wave of depression do 
move in the upstream direction they do not keep up with the released train of ISW-like waves. In 
contrast, for Case With 3, shown in Figure 7, a train of near surface vortices propagates behind the 
released waves and appears to keep up with the waves (note the shift of 20 units to the left between 
the subdomains shown in panels (a) and (b) of Fig. 7). 
Figure 8 shows the evolution of the wave ﬁeld for Case With 3. For early times, when Fr ≈ 1, 
a moderate amplitude wave train is resonantly generated, and propagates slowly upstream. On the 
downstream side of the topography, a stronger undular bore is evident and the vortex core of the 
wave of depression is visible as short length scale undulations between x = 0 and x = 10. Based 
on the near surface velocity ﬁeld it would be quite easy to miss the underlying vortices that are so 
clearly the dominant feature in Figure 5(b). Again, the barotropic background current slackens to a 
subcritical value after t = 125. This releases the upstream propagating wave train, with its trailing 
edge being particularly clear after t = 180. At the same time, the region of vorticity is released to 
propagate upstream (the geometric distribution of vorticity is shown in Figure 7). Finally, an even 
more pronounced region of breaking is evident after about t = 200 and propagating upstream from 
about x = 10. This region is due to the interaction of the freed undular bore found downstream for 
t < 125 with the remnants of the large vortex core of the wave of depression over the downstream 
face of the topography. 
The results presented above suggest that many of the wave characteristics (be it for the upstream 
propagating train of nonlinear waves or for the large jump downstream of the topography) are 
qualitatively similar for regimes (i) and (ii). This is perhaps not surprising since it is possible to 
compute solutions to the DJL equation even when the Taylor Goldstein equation exhibits critical 
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= 175.5 or 50.5 time units after current slackens, (b) t = 204.75 or 79.75 time units after current slackens. To accentuate the 
vorticity produced by the combination of the wave and background current the vorticity is saturated in the range [ − 5.0, 0]. 
layers.7 Indeed Case With 2 (not shown) demonstrates that the transition from weak cores with few 
vortices, to strong cores with many vortices is gradual, as opposed to sharp. 
When U0 is negative enough, however, DJL theory suggests that upstream propagating ISWs are 
not possible, or at the very least are modiﬁed by critical layers. In Figure 9, we consider Case With 
5b. It can be seen that the two isopycnals marking the centre of the pycnocline are not signiﬁcantly 
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FIG. 7. Shaded vorticity contours for Case With 3, after current slackens, one density contour superimposed in white. (a) t = 
175.5 or 50.5 time units after current slackens, (b) t = 204.75 or 79.75 time units after current slackens, note the shift of 20 
units to the left between panels (a) and (b). Contrast with Figure 6. To accentuate the vorticity produced by the combination 
of the wave and background current the vorticity is saturated in the range [ − 5.0, 0]. 
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FIG. 8. Wave-induced horizontal velocity (scaled) at the surface as a function of time, Case With 3. 
modiﬁed from their upstream height, however a region of near surface vortex production associated 
with a possible critical layer is clearly evident. Moreover, this region clearly propagates upstream. 
Over, and downstream of, the topography the vortices reach lower into the water column and generate 
short internal waves in the pycnocline. This is identiﬁed in the above discussion as regime (iii). 
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Note the absence of ﬁnite amplitude wave generation at early times. 
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The case shown in Figure 10 (Case Against 3b) is in sharp contrast to similar cases with U0 in 
the direction of wave propagation (such as Case With 3). In Case Against 3b upstream propagating 
ISWs are possible, though they are very broad, small amplitude ﬂat-crested waves (Figure 10(a)). 
When the current slackens to subcritical, the undular bore found downstream of the topography is 
released, leading to both a region of breaking (on the downstream slope of the topography) and 
the generation of large amplitude ISWs upstream of the topography (Figures 10(b) and 10(c)). In 
order to conﬁrm that the vorticity distribution is dominated by structures that occur away from the 
shear region Figure 11 shows the vorticity over, and downstream of, the topography. It can be seen 
that vorticity is generated due to wave breaking (i.e., baroclinic effects) in the region 0 < x < 20. 
Moreover, as the vorticity reaches the high shear region, it is advected downstream but does not 
appear to grow (at the expense of the background vorticity associated with the background shear 
current) or form isolated vortices. Thus, while sharing many similarities with regime (i), we have 
chosen to identify this parameter regime as regime (iv). 
For larger inﬂow speeds U, Case  Against 3, for example, the ﬂuid response consists of a small 
amplitude wave over the topography, and a similarly small, retreating undular bore downstream. 
Due to its somewhat uninteresting ﬂow features, this case will not be discussed any further. 
C. Variations of density proﬁle and topography 
In order to establish the robustness of the above results, we considered several different com­
binations of stratiﬁcation and topography. In Figure 12, we show the results with a stratiﬁcation 
matching that in Figures 1–11, but with a “hole” instead of a “hill” topography. A “hole” topography 
generates small amplitude waves of depression, though even with a small amplitude such waves 
appear to induce strong enough currents to induce signiﬁcant vorticity roll up in the shear current 
region near the surface. The resulting ﬁnite amplitude vortices in turn modify the pycnocline shape 
and a complex pattern of near surface vortices, with weak underlying deformation of the pycnocline 
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results. This is particularly interesting since Table I shows that for this case the stratiﬁcation in the 
high shear, and hence low Ri, region is the same as for Case With 3. 
Figure 13 shows the case in which the pycnocline is centred above the mid-depth (z0 = 0.4), with 
the distance between the pycnocline centre and the mid-depth the same as for the stratiﬁcation used 
in Figures 1–12. Free ISWs for this stratiﬁcation would be waves of depression. The supercritical 
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FIG. 12. Shaded vorticity contours for Case With 3 hole, one density contour superimposed in white. (a) t = 58.5, (b) t = 
117. Contrast with Figure 5(b). 
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ﬂow over the topography generates waves of elevation that steepen and form an undular bore that 
slowly propagates upstream (Figure 13(a)). Over the topography a region of vortex production is 
evident even at early times. Even though the undular bore is only of moderate amplitude, its wave-
induced currents perturb the background vorticity near the surface sufﬁciently to yield some small 
scale vortex production, the results of which propagate upstream, some way behind the ﬁrst wave of 
the undular bore (near x = −25 in Figure 13(b)). On the downstream side of the topography, a region 
of enhanced vorticity extends from the “core” region of the topography, downward and downstream. 
For later times, small scale vortices can be clearly seen. It can be seen from Table I that this case 
has the strongest stratiﬁcation in the region of background current shear of all the simulations. Yet 
despite this, the vortex roll up in the high shear region above the upstream propagating waves is only 
modest. 
Figure 14 shows the case in which the pycnocline centre is below the mid-depth, but the distance 
from the mid-depth is doubled (z0 = 0.7). The upstream response, visible in both panels of Figure 
14, consists of a large amplitude wave train upstream of the topography and an extremely large 
“core” region over and downstream of the topography. The region of vortex generation, and its 
resulting vortices move slowly upstream as well, but at a much slower speed than the nonlinear wave 
train. Downstream of the topography a train of vortices, that diminish in amplitude with downstream 
extent, is evident. From Table I, we can see that this case has the weakest stratiﬁcation in the high 
shear region (to be fair the stratiﬁcation is always weak in the high shear region), however this does 
not prevent signiﬁcant vortex generation downstream of the crest of the topography. 
Up to this point, we have only considered relatively thin pycnoclines. We have performed two 
sets of simulations using a pycnocline that is twice (d = 0.225) and four times (d = 0.45) as thick 
as the standard stratiﬁcation. The general features of the transcritical wave generation and slumping 
processes remain robust, and a single example of each is considered in detail (Cases With 3 W and 
With 3 W2). Figures 15 and 16 show the shaded vorticity proﬁles for the two wider pycnocline cases, 
at t = 87.8 (during the transcritical ﬂow) and t = 175.6 (after slumping), respectively. For each 
case three isolines of density are shown in white, and these reﬂect the width of the pycnocline (the 
far upstream proﬁle is shown to the left of the main ﬁgure panels). It can be seen that when the 
background current is transcritical (Figure 15) a long undular bore slowly forms on the upstream 
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FIG. 14. Shaded vorticity contours for Case With 3 low, one density contour superimposed in white. (a) t = 117, (b) t = 
160.9 or 43.9 time units after current slackens. Contrast with Figure 5. 
side of the topography, while a large lee wave with a very active core of small scale vortices forms in 
the lee. When the current slackens the lee wave is freed and a large wave train propagates upstream 
(Figure 16). Well formed cores are evident in the upstream propagating waves near x = −35 for 
Figure 16(a) and in the three wave troughs that begin at x = −25 in Figure 16(b). In Figures 15 and 
16, the panels showing the upstream density proﬁle also show the Richardson number proﬁle. It can 
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FIG. 15. Shaded vorticity contours for wider pycnoclines, three density contours superimposed in white. t = 87.8, (a) Case 
With 3 W, d = 0.225 (b) Case With 3 W2, d = 0.45. The Richardson number proﬁle is superimposed on the plot of upstream 
density. 
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be seen that even for the widest pycnocline, the region of low Richardson number is found in the 
near surface portion of the water column, and a careful examination reveals that the extent of the Ri 
< 0.25 region is, in fact, decreased as the pycnocline width is increased. 
In order to explore a case that is analogous with the Baines and Mitsudera vorticity wave 
resonance mechanism,13 we have considered a case with a second pycnocline (Cases Double, 
Double S with a subcritical inﬂow speed, and Double N with a narrow near surface shear layer). This 
pycnocline is centred at the surface. If the second pycnocline is strong, a standard shear instability 
dominated by Kelvin Helmholtz billows in the upper pycnocline would be expected. By choosing 
the strength of the second pycnocline to be weaker (25% of the density change across the main 
pycnocline since the upper pycnocline is also centred at the surface), we can realize a state in 
which the wave dynamics of the main pycnocline are dominant. Figure 17 shows an example of 
a transcritical inﬂow (Figure 17(a)) and a subcritical ﬂow, with U reduced by 30% to account for 
the lower linear long wave speed (Figure 17(b)) at  t = 87.8. The shaded vorticity proﬁles have 
two isopycnals superimposed in white to show the nature of the waveforms generated in the two 
pycnoclines. It can be seen that the ﬂow is dominated by the large lee wave with a very active vortex 
core. For the transcritical case, the upstream response consists of a small amplitude undular bore. 
The subcritical case is more interesting, since the upstream response exhibits small scale vortex 
structure that is analogous to that observed in Figure 9, a case with a much weaker response in the 
lee. 
As in Figures 15 and 16, the panels showing the upstream density proﬁle in Figure 17 also 
show the Richardson number proﬁle. It can be seen that in the region between the two pycnoclines 
the Richardson number dips below 0.25. For symmetric (anti-symmetric) N2(z) (U(z)) proﬁles 
Baines and Mitsudera13 ﬁnd that a region with Ri < 0.25 is sufﬁcient for instability. Figure 17(a) 
shows that for transcritical ﬂow any instability occurs over, or downstream of, the topography while 
Figure 17(b) shows that for subcritical ﬂow the upstream response consists of a developing train of 
small vortices. These could be interpreted as the ﬁnite amplitude manifestations of vorticity waves. 
The dominant feature of both panels, however, remains the lee wave with an active vortex core. 
We considered a case in which the shear layer was even more surface trapped, dj = 0.1 (Case 
Double N). In this case, the lee wave response changes. The response at early times (Figure 18(a)) 
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FIG. 17. Shaded vorticity contours for Cases Double and Double S, two density contours superimposed in white. t = 87.8, 
(a) transcritical case (b) U reduced by 30%. The Richardson number proﬁle is superimposed on the plot of upstream density. 
is dominated by the formation of large solitary like waves with trapped cores. These carry energy 
upstream and hence the formation of the large lee wave appears to be either delayed or completely 
suppressed. As Figure 18(b) shows, for later times a lee wave does form, but its vortex core is now 
bounded by a deformed isopycnal that originates in the upper pycnocline, and as such the core is 
smaller than those generated in stratiﬁcations with only a single, deeper pycnocline. We hypothesize 
that the combined availability of the background vorticity and the baroclinic vorticity associated with 
waves in the near surface pycnocline is enough to shift the centre of action to the near surface region. 
Under most naturally occurring circumstances, the near surface region is unlikely to be strongly 
stratiﬁed. 
We conducted several numerical experiments with a modiﬁed topography in an attempt to seed 
short wave activity for the two pycnocline case. While some short wave generation which took 
the form of small scale, near surface vortices, was observed, there was no evidence that resonance 
between waves on the two pycnoclines took place, and hence there does not appear to be a direct 
analogy between the two vorticity wave resonance in the linearly stratiﬁed Baines and Mitsudera 
scenario13 and internal waves on two pycnoclines in the presence of an asymmetric background 
shear. 
The above described cases demonstrate the robust nature of both the upstream propagating 
waves, be they large or small amplitude, as well as the “core” region of intense vortex generation 
in the lee wave. As a general observation, it is quite surprising that the two regions can retain their 
individual character, and interact only weakly, especially given the intensity of vortex generation in 
the “core” region. 
D. Froude number variations for cases with critical layers 
Simpliﬁed theories leading to the forced KdV or forced Gardner equations have the attractive 
feature that a large portion of parameter space may be surveyed with only modest effort. Numerical 
simulations of the full stratiﬁed Euler equations can only reasonably survey a smaller portion of 
parameter space. However, it is possible to get an idea as to which ﬂow features are generic. We 
focused on those situations in which the classical theory fails, in the sense that the Taylor-Goldstein 
equation does not yield a long wave speed due to the presence of a critical layer. 
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The Richardson number proﬁle is superimposed on the plot of upstream density. 
We ﬁrst consider regime (ii), as deﬁned above. Prior to slackening, Case With 3 yields a moderate 
response upstream of the topography, a small wave of elevation over the topography, and a large 
core region overlying a wave of depression downstream of the topography. Well downstream, an 
undular bore terminates the wave of depression. As U is increased from 1.1 to 1.3 (Case With 3TA), 
the upstream response is conﬁned more strongly to the topography, and the core region over the 
downstream wave of depression weakens in strength. It is interesting to note, however, that the 
vertical extent of the core region remains roughly unchanged, apart from the occasional downward 
ejections of small vortices which do not occur in Case With 3TA. The downstream undular bore 
increases in both amplitude and wavelength. As U is increased further to 1.5 (Case With 3TB), the 
upstream response disappears almost entirely for the times considered. The wave of depression in the 
lee of the topography is now smaller, and the vortex core, while still maintaining its vertical extent, 
consists of only a few large, weak vortices. The downstream undular bore increases in wavelength 
and decreases its downstream extent. A further increase to U = 1.85 (Case With 3SP) yields a 
small wave of elevation over the topography and little else in the way of dynamical structures, and 
in particular no vortex core downstream. This case is typical of the small amplitude supercritical 
response as presented in Baines’ classical monograph.28 
As the current slumps to its subcritical value all cases between U = 1.1 and 1.5 yield an upstream 
propagating wave train whose individual wave crests have corresponding vortex cores above them. 
The downstream core expands in size, with only a portion able to propagate upstream over the 
topography. The downstream response is thus a complex mixture of breaking waves, that originated 
within the downstream bore, and pycnocline undulations induced by vortices ejected from the core 
region. It is likely that three dimensional effects dominate this downstream region. 
For regime (iii), we lowered the inﬂow speed from U = 1.35 to U = 1.1 (Case With 5). This was 
motivated by the results discussed in the previous two paragraphs. As is expected based on these 
results, the wave of depression found downstream of the topography is larger in amplitude, as is the 
overlying vortex core. The vortex core is also considerably more active. Similar to Case With 5B, 
there were no isopycnal disturbances found upstream of the topography, apart from a gentle rise 
of the pycnocline between x = −30 and the topography crest. We are thus conﬁdent that a strong 
shear precludes the formation of ISW-like waves over a broad portion of parameter space, and in 
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this portion of parameter space isopycnal displacements are entirely due to the vortices produced in 
the near surface, core region. 
IV. CONCLUSIONS 
We have presented numerical simulations of transcritical generation of internal waves over 
topography in the presence of a background shear ﬂow. The results were categorized into four 
qualitatively different regimes. Two of these were qualitatively similar to transcritical generation 
by a barotropic current over topography (see Ref. 19 for comparable simulations), and indeed were 
only subdivided into separate cases since the effect of a background shear current on ISWs depends 
on whether the vorticity in the background current has the same or opposite orientation as the 
baroclinic vorticity due to the wave.7 Two parameter regimes yielding qualitatively novel results 
were identiﬁed. The ﬁrst of these is the regime in which transcritical wave generation occurs (i.e., 
both upstream propagating wave trains and large lee waves are observed) but linear theory fails. 
In terms of energetics, the response is dominated by an active vortex-rich core in the lee wave 
downstream of the topography. The second novel regime is one for which no upstream propagating 
wave train that perturbs the pycnocline is observed. The upstream disturbance instead takes the form 
of a vorticity wave, whose saturated, nonlinear state takes the form of short length scale vortices 
that do not penetrate deep enough into the water column to perturb the pycnocline. Downstream of 
the topography, a lee wave with an active core is observed and here there is signiﬁcant pycnocline 
displacement. While there are published results, using asymptotic methods23, 24 for which a critical 
layer acts as a minor modiﬁcation to the overall structure of an ISW, our results suggest that in 
certain parameter regimes the presence of strong background shear plays a far more drastic role, and 
indeed precludes the formation of ISWs entirely. 
It is worth noting that the generation of a core-like region of vorticity in the lee wave depends 
crucially on the presence of a region of background vorticity. During the lee wave formation, 
smaller scale vortices are extracted from the background vorticity (as in Figures 5–6, 9, and 12–18). 
When the high vorticity portion of the background current is well separated from the pycnocline 
only the background vorticity can lead to the generation of small scale vortices. However, the 
underlying pycnocline also plays a crucial role in this generation process by providing a ﬁnite 
amplitude perturbation that triggers the formation of the vortex core. We note that the baroclinic 
vorticity due to the wave is conﬁned to the pycnocline region which actually moves away from the 
background vorticity region during wave generation. Of course, when there is some stratiﬁcation 
near the surface, the baroclinic vorticity associated with the waves can interact with the background 
vorticity to yield even richer vortex dynamics and smaller, more localized vortex cores (Figure 18, 
in particular). Similar observations were made in Ref. 20 for large amplitude trapped internal waves 
over topography. 
In addition to transcritical generation we considered the effect of background current slackening. 
These simulations were motivated by the observation that the lee wave amplitude often dwarfed the 
amplitude of the transcritically generated wave train. Since the lee wave often contained a vortex-rich 
core we were also interested in whether, as the lee wave began to propagate upstream, the vortices in 
the core were able to propagate over the topography and move upstream with the developing wave 
train. This is indeed the case, and similar to the ﬁndings in Ref. 20, we found instances in which 
well-behaved vortex cores propagated upstream with an underlying wave train (Figures 7(b) and 18 
are perhaps the clearest example of this). In some cases (e.g., Figure 7(b)) they did so without a 
great deal of secondary instability (since the near surface stratiﬁcation was weak). 
The qualitative nature of the dynamics is summarized in the two diagrams in Figure 19. Figure 
19(a) considers the trapped core generation for lee waves and demonstrates that when the near surface 
region is unstratiﬁed, a minimum amount of background shear is necessary for core formation to 
occur, and that stronger background shear leads to a more active core. It can be seen that trapped core 
generation in the lee wave occurs over a larger portion of parameter space than efﬁcient generation of 
upstream propagating waves. Figure 19(b) shows a similar diagram for the efﬁciency of transcritical 
wave generation. It can be seen that the largest waves are generated for slightly supercritical ﬂows, 
though the precise range is quite strongly dependent on the choice of stratiﬁcation. The amplitude 
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FIG. 19. Schematic diagrams of results in Froude number – shear parameter space. Dotted line indicates minimum shear 
needed to generate a vortex core, dashed line indicates Froude number above which signiﬁcant upstream upstream generation 
takes place. Black tick mark indicates the formally critical state, grey tick mark indicates the Froude number for the conjugate 
ﬂow which forms the formal upper bound for free ISW propagation. (a) Lee waves and core formation. Shading denotes 
intensity of vortex core. (b) Upstream propagating ISW and vorticity wave generation. Shading denotes maximum amplitude 
of upstream propagating waves. 
of the generated waves decays as the ﬂow is increased or decreased from the “optimal” value, which 
is different for each combination of stratiﬁcation and hill shape. For hill topography the “optimal” 
Froude number is well below the conjugate ﬂow speed, which provides an upper bound on the speed 
of upstream propagating, non-breaking ISWs. As the shear increases, a cut off point is reached above 
which no upstream propagating ISWs are generated and the ﬂow transitions into the vorticity wave 
dominated regime. In the schematic, the parameter space regions are represented using rectangles. 
In reality, the boundaries are likely geometrically complex, with some fuzziness depending on the 
quantitative deﬁnitions used to identify a particular phenomenon. A particular issue to be addressed 
in coming up with a quantitative characterization is the fact that linear theory may fail for certain 
background current strengths (i.e., due to the formation of critical layers), and hence it is unclear 
how to deﬁne an appropriate Froude number. However, we note that the cutoff between the upstream 
propagating ISW and vorticity wave generation is sharp, so that in all cases the occurrence of 
vorticity waves precluded the generation of ISWs. 
Taken together our results suggest that the presence of a moderate background shear current can 
lead to a hybrid state in which a portion of the water column is rich in short length scale vortices, 
while the underlying pycnocline and the regions below it behave largely as ISW theory would 
suggest. At the same time, when the background shear is strong it is possible that it could lead to 
the breakdown of an existing wave train, for example, when a strong, sustained wind interacts with 
a train of waves of elevation (like those reported in Ref. 29). 
There is ample evidence from the ﬁeld for the presence of ISWs that are modiﬁed by a back­
ground shear current. The recent measurements of Lien et al. in the South China Sea30 identiﬁed the 
presence of a background shear current as a key component in the formation of a trapped core in a 
shoaling ISW. Nash and Moum31 observed the transcritical generation of ISWs at a decelerating river 
plume front; a weakly sheared system. Additionally, long term observations in northern Monterey 
Bay, CA show that a persistent upwelling front forms, and local diurnal winds modulate the daily 
propagation of this buoyant plume front up and down the coast.32 Long-term measurements near 
the front reveal highly nonlinear internal waves in the presence of strong background shear over 
the ≈7 month long upwelling season.33 Recent measurements indicate that some of these waves are 
observed in packets of very large (e.g., 10 m amplitude waves in 20 m of water for the largest waves) 
nonlinear internal waves, and in the presence of strong background shear.36 Preliminary results 
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suggest that the presence and strength of the strong background shear can not only modify the wave 
characteristics (e.g., amplitude, wave polarity, etc.), but it also might lead to the development of 
density overturns, short-wave instabilities, and ultimately elevated turbulent mixing, all aspects that 
complicate the numerical modeling effort on the ﬁeld scale. In slightly deeper water, the studies 
of Wang and Pawlowicz34 in the Strait of Georgia, Canada and Bogucki, Dickey, and Redekopp35 
on the Palos Verdes shelf, California report observations of large amplitude internal waves in the 
presence of shear; the former for a stratiﬁcation dominated by a surface trapped pycnocline; the latter 
for a bottom trapped stratiﬁcation with a deep mixed layer. The results presented in the current study, 
in addition to the ﬁeld observations mentioned above, suggest that the strength of the background 
shear has substantial implications for not only transcritical internal wave generation, but also the 
development and fate of these waves. 
Future work could follow one of four independent tracks: 
(1)	 Three dimensional simulations that consider the breakdown into turbulence of the vortex core. 
(2)	 Field motivated simulations that consider the detailed dynamics of a particular background 
stratiﬁcation/current/forcing combination. 
(3)	 Detailed comparisons between simulations and theoretical work on ISWs modiﬁed by a critical 
layer. 
(4)	 A numerical study of the fully nonlinear state of the Baines and Mitsudera two vorticity wave 
13resonance.
Of course, we are particularly interested in experimental and ﬁeld measurements that test the 
above presented results. 
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